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Rationality of Fano threefolds
with terminal Gorenstein singularities, I
YURI PROKHOROV
Abstract. We classify some special classes of non-rational Fano threefolds with termi-
nal singularities. In particular, all such hyperelliptic and trigonal varieties are found.
1. Introduction
The question of rationality of varieties with ample anticanonical class is a classic prob-
lem going back to the works of G. Fano. Currently, this problem is basically solved for
three-dimensional nonsingular Fano varieties, see [2], [9], [18], [19]. On the other hand,
from the modern minimal model program point of view one has to consider Fano vari-
eties with singularities. In this paper we discuss the rationality of Fano threefolds with
terminal Gorenstein singularities. We concentrate on the case of varieties with Picard
number 1. In this situation, the most studied case is the the case of quartics in P4 [43],
[10], [24]. Double spaces branched in a quartic and sextic are also relatively well studied
from this point of view (see [53], [8], [7], and the references therein). The rationality of
Fano threefolds with canonical Gorenstein singularities was studied in [32].
The main result of this paper is the following.
1.1. Theorem. Let X be a Fano threefold with (at worst) terminal Gorenstein singular-
ities and Pic(X) ≃ Z. Suppose that X is not rational.
If the group Pic(X) is not generated by the canonical class KX (that is, ι(X) ≥ 2), then
one of the following possibilities occurs:
(a) X = X3 ⊂ P
4 is a smooth cubic hypersurface, any variety of this type is not
rational [9];
(b) X = X2 → P
3 is a double space of index 2, a general (in particular, any smooth)
variety of this type is not rational [2], [52], [53], [8];
(c) X = X1 → W is a Veronese double cone, a general (in particular, any smooth)
variety of this type is not rational [52], [14].
Let Pic(X) = Z · KX and let g = g(X) be the genus of X (see (2.3.2)). Suppose that
g = g(X) ≥ 5. Then the following assertions hold.
The study has been funded within the framework of the HSE University Basic Research Program and
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(i) The anticanonical divisor −KX is very ample and defines an embedding X =
X2g−2 ⊂ P
g+1.
(ii) If the variety is X trigonal (i.e. its anticanonical model X = X2g−2 ⊂ P
g+1 is not
an intersection of quadrics), then X belongs to one of the two families described
in Examples 4.3.1 and 4.3.3. A general variety of these families is not rational
(and the singular locus of X consists of one ordinary double point).
(iii) If X is non-trigonal and the anticanonical model X = X2g−2 ⊂ P
g+1 contains
a plane, then g(X) = 6 and the variety X is birationally equivalent to a smooth
three-dimensional cubic V3 ⊂ P
4 under the map V3 99K X2g−2 ⊂ P
g+1 geven by the
linear system of quadrics passing through a connected reduced curve Γ ⊂ V3 ⊂ P
4
of degree 3 and arithmetic genus 0 (see Theorem 5.2). Any variety of this type is
not rational.
(iv) If X is not trigonal and the anticanonical model X = X2g−2 ⊂ P
g+1 does not
contain planes, then one can apply to X an inductive birational construction
(3.1.1) which increases the genus.
(v) If X is locally Q-factorial, then either g(X) ≤ 6 or g(X) = 8 and X is smooth.
Recall that the genus of Fano threefolds satisfying the conditions ρ(X) = ι(X) = 1 does
not exceed 12 and is not equal to 11. Therefore, (3.1.1) can give very explicit results. A
detailed analysis of the construction (3.1.1) will be given in the second part of the paper.
The author would like to thank the referee for careful reading the manuscript and
constructive criticism.
2. Preliminaries
2.1. Set-up.
• By F[d1, . . . , dn] we denote a rational scroll, the projectivization on P
1 of the vector
bundle ⊕OP1(di). Usually, M denotes the tautological divisor and F denotes the
class of a fiber of the projection to P1.
• For a subvariety Z ⊂ PN , 〈Z〉 denotes its linear span.
• By ρ(X) we denote the rank of the Picard group.
• For a birational map f : V 99K W and a linear system L of Weil divisors on W
its (birational) transform on V is usually denoted by LV .
2.2. Singularities. Standard notions and facts from the minimal model theory are used
(see, e.g., [27]).
2.2.1. Theorem ([45, Th. 1.1]). A three-dimensional Gorenstein terminal singularity X ∋
P is isolated of type cDV, i.e. its general hyperplane sectionH ∋ P is a Du Val singularity.
In particular, X ∋ P is analytically isomorphic to a hypersurface singularity of multiplicity
2.
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2.2.2. Corollary ([25, Lemma 5.1]). Let X be a three-dimensional variety with terminal
Gorenstein singularities and let D be an integral Weil divisor on X such that nD is a
Cartier divisor for some integer n. Then D is a Cartier divisor.
2.3. Fano varieties. Let X be a Fano variety. By ι(X) we denote its index, that is, the
largest integer such that for some Cartier divisor HX the equality −KX = ιHX holds.
Further, the number d(X) := HdimXX is called the degree of a Fano variety X .
2.3.1. Proposition-Definition ([19, Cor. 2.1.14]). Let X be a Fano threefold with canon-
ical Gorenstein singularities. Denote
(2.3.2) g(X) :=
1
2
(−KX)
3 + 1.
Then g(X) is an integer, g(X) ≥ 2, and
dim | −KX | = g(X) + 1.
The number g(X) is called the genus of X .
A weak Fano variety is a (projective) variety whose anticanonical divisor is nef and big.
Three-dimensional Fano varieties of index 2 are called del Pezzo threefolds.
2.4. Extremal contractions.
2.4.1. Theorem ([30], [11]). Let X be a three-dimensional projective variety with terminal
factorial singularities and let R be an extremal ray on X. Let ℓ be the minimal rational
curve on X generating R and let f : X → Y be the contraction of the ray R.
If R is not nef, then f is birational and contracts an irreducible exceptional divisor E so
that f is the blowup of f(E) (with reduced structure). One of the following holds:
type description −KX · l
B1 f(E) is a curve with planar singularities, ℓ is a fiber of a ruled
surface E, Y is smooth along f(E)
1
B2 f(E) is a point, X is smooth along E, Y is smooth at f(E), ℓ is a
line on E ≃ P2
2
B3 f(E) is an ordinary double point, X is smooth along E, E ≃ P
1 ×
P1, OE(E) = OP1×P1(−1,−1), ℓ is a generator of P
1 × P1
1
B4 f(E) is a double point, E is a quadratic cone in P
3, OE(E) =
OE(−1), ℓ is a generator of the cone
1
B5 f(E) is a non-Gorenstein point of multiplicity 4, X is smooth along
E, OE(E) = OP2(−2), ℓ is a line on E ≃ P
2
1
If R is nef, then f : X → Y is a Fano-Mori fibration, Y is smooth, and one of the
following holds:
3
type dim Y f : X → Y −KX · l
C1 2
conic bundle with a nontrivial discriminant curve 1
C2 P
1-bundle 2
D1
1
del Pezzo fibration of degree ≤ 6 1
D2 fibration into quadrics 2
D3 P
2-bundle 3
F 0 X is a Fano threefold with Pic(X) ≃ Z ι(X)
2.4.2. Corollary. Let X be a three-dimensional projective rationally connected variety
with terminal factorial singularities and let f : X → Y be an extremal Mori contraction.
If f is of type C2, D2 or D3, then X is rational. If f is of the type D1 and (anticanonical)
degree of the generic fiber ≥ 5, then X is rational.
Proof. In the case of dim Y = 1, the question reduces to the question of the rationality
of the generic scheme fiber (which is a del Pezzo surface over the functional field). This
problem is studied well (see, e.g., [28, Ch. IV]). 
2.4.3. Corollary. Let X be a weak Fano threefold with terminal factorial singularities
such that the map to its anticanonical model contracts at most a finite number of curves
and let π : X → Y be an extremal contraction to a surface. Then Y is a smooth del Pezzo
surface.
Outline of the proof. By Theorem 2.4.1 the surface Y is smooth. Next, we follow the proof
of Proposition 5.2 (i) of [34]. I is well-known that the following numerical equivalence holds
π∗K
2
X ≡ −4KY −∆,
where ∆ is the discriminant curve (see, e.g., [40, Lemma 3.11]). We put A := π∗K
2
X .
Thus,
−4KY ≡ A+∆.
For any curve C ⊂ Y one has A · C > 0. Indeed, the projection formula yields A · C =
K2X ·π
∗C, where the last expression is strictly positive because the linear system |−nKX |
is base point free and contracts only a finite number of curves. Since A is numerically
equivalent to an effective divisor, it is ample. To prove the ampleness of −KY , it suffices
to show that KY ·C < 0 for any curve C ⊂ Y . Suppose that KY ·C ≥ 0. Then ∆ ·C < 0
and (KY +∆) ·C < 0. In particular, this means that C is a component of ∆, pa(C) = 0,
and ∆′ · C < 2, where ∆′ := ∆− C. Thus C is a smooth rational curve which either is a
connected component of the discriminant ∆ or meets the complement ∆′ transversally at
one point. But then the Hilbert scheme parametrizing components of fibers over points
c ∈ C splits. This contradicts the condition ρ(X/Y ) = 1 (see, e.g., [40, 3.8-3.9]). 
2.5. Anticanonical divisor.
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2.5.1. Theorem ([49], [44], [29]). Let X be a Fano threefold with canonical Gorenstein
singularities. Then a general divisor S ∈ | −KX | is a normal surface with at worst Du
Val singularities.
It is clear that a general divisor S ∈ | −KX | is a (possibly singular) K3 surface. From
the classical results [46] on linear systems on K3 surfaces one obtains the following.
2.5.2. Theorem ([48]). Let X be a Fano threefold with canonical Gorenstein singularities.
Suppose that the base locus Bs | −KX | of the anticanonical linear system | −KX | is non-
empty and let S ∈ | −KX | be a general divisor. Then ι(X) = 1 and one of the following
cases occurs:
(i) Bs |−KX | (as a scheme) is a smooth rational curve contained in the smooth locus
of X and a general element S ∈ | −KX | is smooth along Bs | −KX |;
(ii) Bs | − KX | consists of a single point P which is singular for both X and S.
Moreover, in this case, P ∈ S is a singularity of type A1, and −K
3
X = 2.
2.5.3. Corollary. Under the conditions of Theorem 2.5.2, assume that the singularities of
X are terminal. Then a general divisor S ∈ |−KX | is smooth, except for the case 2.5.2(ii).
3. MMP on three-dimensional weak Fano threefolds
This section is devoted to the proof of the following theorem.
3.1.Theorem. Let X be a Fano threefold with terminal Gorenstein singularities.1 Suppose
that X does not contain surfaces of anticanonical degree 1, i.e. surfaces S such that
(−KX)
2 · S = 1. Then there is a diagram
(3.1.1)
Xˆ = Xˆ(0)
τ

ϕ1
// Xˆ(1)
τ1

ϕ2
// · · ·
ϕi
// Xˆ(i)
τi

ϕi+1
// · · ·
ϕn
// Xˆ(n)
τn

π
  ❆
❆❆
❆
❆
❆
❆
❆
❆
X = X(0) X
(1) · · · X(i) · · · X(n) Z
where n ≥ 0, each X(i) is a Fano threefold with terminal Gorenstein singularities, τi
is its small Q-factorialization (or an isomorphism), Xˆ(i) is a weak Fano threefold with
terminal factorial singularities, and ϕi := X
(i−1) → X(i) is a birational Mori contraction
which contracts Ei−1 ⊂ Xˆ
(i−1) to a point or to a curve. The morphism π : Xˆ(n) → Z is a
Mori fiber space, where Z is either a point, or a smooth rational curve, or a smooth del
Pezzo surface. At each step of (3.1.1) we have
(3.1.2) rkCl(X(i+1)) = rkCl(X(i))− 1, (−KX(i+1))
3 ≥ (−KX(i))
3 + 2,
where Cl(X(i)) is the Weil divisor class group of X(i). We can choose the first Q-
factorialization of τ : Xˆ → X and the sequence of contractions of ϕi so that Xˆ
(n) has no
1Here we do not assume that ρ(X) = 1.
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any divisorial K-negative contractions, ρ(Z) ≤ 2, and the variety Z is either a point or
isomorphic to P1, P2 or P1 × P1.
This construction was used also in [34] and [23]. For the convenience of the reader we
present it here with complete proofs and with corrections (see remark 3.2.1). Note that
usually the sequence (3.1.1) is not unique.
Proof. Most of the assertions are inductive and can be proved by considering a single step
X(i−1) 99K X(i). Therefore, we consider only the first step X = X(0) 99K X(1). The small
Q-factorialization of τ : Xˆ → X exists according to [25, Corollary 4.5]. Note that it is
not unique and any two of them are different on the flops. The variety Xˆ = Xˆ(0) has
only terminal Gorenstein singularities and KXˆ = τ
∗KX . Therefore, the divisor −KXˆ is
nef and big, i.e. Xˆ is a weak Fano threefold. Moreover, the linear system | − nKXˆ | for
n≫ 0 defines a morphism that contracts only a finite number of curves. The Mori cone
of Xˆ is polyhedral:
3.1.3. Lemma ([37]). Let V be a projective variety with log terminal Q-factorial sin-
gularities such that the anticanonical class −KV is nef and big. Then the Mori cone
NE(V ) is polyhedral and generated by the classes of rational curves. For each extremal
ray R ⊂ NE(V ), there exists a contraction ϕR : V → Z which is KV + ε∆-negative for
some effective Q-divisor ∆ and 0 < ε≪ 1.
There is an extremal K-negative Mori contraction ϕ1 : Xˆ
(0) → Xˆ(1). If it is not
birational, then we put n = 0, Z := Xˆ(1), π := ϕ1. If, in addition, Z is a curve, then it is
rational because H1(Z,OZ) = H
1(X,OX) = 0. If the base Z is two-dimensional, then it
is a smooth del Pezzo surface according to Corollary 2.4.3.
Now suppose that ϕ1 : Xˆ
(0) → Xˆ(1) is birational. Then the singularities of Xˆ(1) are
terminal and Q-factorial, and ϕ1 contracts a Cartier divisor E ⊂ Xˆ (see Theorem 2.4.1).
If Xˆ(1) is not Gorenstein, then according to the classification 2.4.1 we have E ≃ P2 and
OE(−KXˆ) = OE(1), i.e. τ(E) is a surface of anticanonical degree 1. This contradicts our
assumptions. Therefore, the variety Xˆ(1) is Gorenstein. Suppose that the divisor −KXˆ(1)
is not nef. Since the singularities of Xˆ are terminal, according to [34, Prop. 4.5 and Cor.
4.6], there is only one possibility: ϕ1(E) is a smooth rational curve B1 lying in the smooth
locus of Xˆ(1) and having normal bundle
NB1/Xˆ(1)
≃ OP1(−1)⊕ OP1(−2),
and the variety Xˆ(1) is smooth along E, where E is a rational ruled surface F1. Moreover,
in this case, (−KXˆ)
2 ·E = 1 and τ contracts the negative section of E ≃ F1 (see [34, Cor.
4.7]). This again contradicts our assumptions. Thus, the divisor −KXˆ(1) is nef. It is clear
that it is big, i.e. Xˆ(1) is a weak Fano threefold. Let τ1 : Xˆ
(1) → X(1) be the morphism
to the anticanonical model.
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3.1.4. Lemma. The morphism τ1 does not contract any divisors and (−KX(1))
2 · S1 ≥ 2
for any surface S1 ⊂ X
(1).
Proof. By the projection formula, it is easy to show that for any irreducible surface Sˆ ⊂ Xˆ ,
other than E, the inequality
(−KXˆ(1))
2 · ϕ∗1(Sˆ) ≥ (−KXˆ)
2 · Sˆ = (−KX)
2 · τ(Sˆ) > 1
holds (see, e.g., [36, Lemma 2.5]). 
It follows from Lemma 3.1.4 that the singularities ofX(1) are terminal (and Gorenstein).
By construction, we have
rkCl(Xˆ(1)) = ρ(Xˆ(1)) = ρ(Xˆ)− 1 = rkCl(X)− 1.
3.1.5. Lemma. (−KXˆ(1))
3 ≥ (−KXˆ)
3 + 2.
Proof. Consider, for example, the case where ϕ1 is a contraction of type B1. Then ϕ1(E)
is a curve and KXˆ = ϕ
∗
1KXˆ(1) + E. We can write
(−KXˆ)
3 = (−KXˆ(1))
3 − 3ϕ∗1KXˆ(1) · E
2 −E3,
2ϕ∗1KXˆ(1) · E
2 + E3 = (−KXˆ) · E > 0, ϕ
∗
1KXˆ(1) ·E
2 = ϕ∗1(−KXˆ(1)) · (−KXˆ) ·E ≥ 0.
Hence (−KXˆ(1))
3 > (−KXˆ)
3. The required inequality now follows from the fact that both
numbers (−KXˆ(1))
3 and (−KXˆ)
3 are even (see Proposition 2.3.1). Cases of types B2-B4
are treated in the same way. 
Lemma 3.1.5 proves (3.1.2). Thus, for X(1) all inductive assumptions are satisfied and
we can continue the process (3.1.1). The process terminates quickly because the degree of
Fano threefolds with canonical Gorenstein singularities is less or equal to 72 (see [33]). Let
us prove the last assertion. We may assume that Xˆ(n) does not have divisorial extremal
contractions. Suppose that Z is a del Pezzo surface different from P2 and P1 × P1. Then
Z contains a (−1)-curve.
3.1.6. Lemma. Suppose that on Z there exists a curve C with negative self-intersection
number. Then C is a (−1)-curve and there is a commutative diagram
Xˆ(n)
π

χ
//❴❴❴ Xˆ ′
ϕ
// X¯
π¯
Z
σ
// Z¯
where σ is a contraction of C, χ is a flop, ϕ is a divisorial contraction, and π¯ is a conic
bundle.
Proof. Let σ : Z → Z¯ be a contraction of C. Then ρ(Xˆ(n)/Z¯) = 2 and therefore the rela-
tive Mori cone NE(Xˆ(n)/Z¯) is generated by two extremal rays. Both rays are contractible
by Lemma 3.1.3. The contraction of one of them is our conic bundle π. The second
contraction τ : Xˆ(n) → X• cannot be a conic bundle (because in that case the generic
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fibers ϕ and π would coincide). By our assumption the variety Xˆ(n) has no divisorial
extremal contractions. Hence, τ is a small contraction. By Theorem 2.4.1 it is K-trivial.
Therefore, there exists a flop χ : Xˆ(n) 99K Xˆ ′. Again, the divisor −KXˆ′ is nef and big,
and ρ(Xˆ ′/Z¯) = 2. So, on Xˆ ′ there is a KXˆ′-negative contraction of ϕ : Xˆ
′ → X¯ over Z¯
which again cannot be a conic bundle. Therefore, ϕ is divisorial and X¯ is a threefold with
factorial terminal singularities. Since ρ(X¯/Z¯) = 1, the projection π¯ : X¯ → Z¯ is a conic
bundle. 
Going back to the proof of Theorem 3.1, let A′ be a very ample divisor on Xˆ ′ and let
An be its preimage on Xˆ
(n). We put Ai := ϕ
∗
i+1Ai+1. Then A1 is a big divisor on Xˆ such
that the linear system |A1| has no fixed components and defines a map
Φ|A′| : Xˆ 99K X
′ ⊂ Pdim |A
′|.
By Lemma 3.1.3 we can run A1-MMP on Xˆ . At each step, the exceptional locus is
contained in the base locus of the proper transform of the linear system |A1|. In particular,
it is one-dimensional. Hence, the corresponding birational transformation is the flop over
X . After a finite number of flops, we get a new model τˇ : Xˇ → X such that the proper
transform Aˇ1 of the divisor A1 is nef. In this situation, the birational map Xˇ 99K Xˆ
′
extends to a morphism Xˇ → Xˆ ′ that can be decomposed in the composition of extremal
Mori contractions. Replace Xˆ with Xˇ and Z with Z¯. This reduces the Picard number
of the surface Z. After a finite number of such transformations we achieve the situation
where Z does not contain (−1)-curves. Theorem 3.1 is proved. 
3.1.7. Remark. If, under the conditions of Theorem 3.1, the variety X is smooth, then
the sequence (3.1.1) can be chosen so that all the maps τi are isomorphisms and ϕi are
blowups of smooth curves, see [31, (8.1)].
3.1.8. Remark. Under the conditions of Theorem 3.1, let ι(X) = 2. Then ι(X(i)) = 2 or
4 for all i and all morphisms of ϕi are blowups of smooth points, see [38].
3.1.9. Example ([38]). Let X(n) = X(1) := P1 × P1 × P1 and let X(1) ⊂ P7 be the Segre
embedding. Let X(1) 99K X = X(0) ⊂ P6 be the projection from a point P ∈ X(1). This
map is embedded in the diagram of type (3.1.1):
Xˆ
τ

ϕ1
// Xˆ(1)
π
))❙❙
❙❙
❙❙
❙❙
❙❙
❙
X X(1)oo❴ ❴ ❴ Z = P1 × P1
Here ϕ1 is the blowup of P and the morphism τ contracts the proper transforms lˆ1, lˆ2, lˆ3
of three lines li ⊂ X
(1) ⊂ P7 passing through the point P . Therefore, the singular locus of
the variety X consists of three ordinary double points and the anticanonical class of the
variety X is an ample Cartier divisor. It is easy to see that the classes of curves lˆ1, lˆ2, lˆ3
are linearly independent in H2(Xˆ,Q). Hence, ρ(X) = 1.
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3.1.10. Example ([38]). Let X ⊂ P4 be the Segre cubic. This is a hypersurface of
degree 3 having 10 singular points which are ordinary double. The cubic X is the half-
anticanonical image of the blowup of P3 at five general points (see e.g. [38, § 7]). Hence
there is a diagram of type (3.1.1):
Xˆ
τ

ϕ1
// Xˆ(1)
τ1
ϕ2
// Xˆ2
τ2

ϕ3
// Xˆ3
τ3

ϕ4
// Xˆ4
ϕ5
// Xˆ5 = P
3
π
((PP
PP
PP
PP
PP
PP
X X(1) X2 X3 X4 X5 pt
Here each ϕi is the blowup of a point, −K
3
X(i)
= 8(3 + i) for all i and ρ(X(i)) = 1 for
i = 0, . . . , 3, and ρ(X4) = 2.
3.1.11. Example (cf. [6]). Let X(n) be a Fano threefold with terminal Gorenstein sin-
gularities and let P ∈ X(n) be a smooth point. Suppose that X(n) and P satisfy the
following conditions:
(a) the anticanonical divisor is very ample and defines an embedding X(n) ⊂ Pg+1;
(b) X(n) ⊂ Pg+1 is an intersection of quadrics;
(c) the lines lying in X(n) do not pass through P and the projection from the tangent
space to X(n) to P does not contract divisors.
Let τ : Xˆ(n) → X(n) be a Q-factorization, let ϕn : Xˆ
(n−1) → Xˆ(n) be the blowup of
points τ−1(P ), and let X(n−1) be the anticanonical model Xˆ(n−1). Then X(n−1) is a Fano
threefold with terminal Gorenstein singularities. If the variety X(n−1) and some point on
it satisfy the same conditions as X(n), then we can continue the process. We obtain the
diagram (3.1.1), where each ϕi is the blowup of a point.
3.2. Proposition. Notation as in Theorem 3.1.
(i) If Bs | −KX | = ∅, then Bs | −KX(i) | = ∅ for all i.
(ii) If the divisor −KX is very ample, then the divisor −KX(i) is also very ample for
all i.
Proof. It follows from the proof of Theorems 4.1 and 4.2 that the linear system |−KX(i) | is
base point free (respectively, is very ample) if and only if the image of the corresponding
map Φ|−K
X(i)
| is two-dimensional (respectively, Φ|−K
X(i)
| is birational). The assertions
now follow from the fact that the maps τi+1 ◦ ϕi+1 ◦ τ
−1
i : X
(i)
99K X(i+1) do not contract
divisors. 
3.2.1. Remark. Suppose that in the construction (3.1.1) one has ρ(X) = 1. It was stated
in [23] and [24] that ρ(X(i)) = 1 for all i. Examples 3.1.9 and 3.1.10 show that this is not
true.
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4. Projective models
The main results of this section are Theorems 4.1, 4.2, and 4.3. They slightly generalize
the relevant facts for nonsingular Fano varieties [16, ch. 1, § 6], [19, § 2.4]. The ideas of
proofs belong to V.A. Iskovskikh [16] but since we are considering singular varieties, some
changes have to be made. On the other hand, there are much more general results for
Fano varieties with canonical singularities [22], [42]. However, even in order to select
varieties that meet our criteria from the lists [22] and [42], one needs some effort. We
present relatively short proofs adapted to our situation.
4.1. Theorem. Let X be a Fano threefold with terminal Gorenstein singularities. Suppose
that ρ(X) = 1 and −K3X ≥ 6. Then the linear system | −KX | is base point free.
Proof. Suppose that Bs | − KX | 6= ∅. Apply Theorem 2.5.2. Since −K
3
X ≥ 6, we have
the case 2.5.2(i). Let g := g(X) and let Z := Bs | − KX | (a smooth rational curve).
According to Corollary 2.5.3 a general element S ∈ | −KX | is a smooth K3 surface. By
the Kawamata-Viehweg vanishing theorem H1(X,OX) = 0. Hence, the restriction map
H1(X,OX(−KX)) −→ H
1(S,OS(−KX))
it is surjective and therefore Bs
∣∣−KX |S
∣∣ = Z. According to [46, Prop. 8.1] we have
(4.1.1)
∣∣−KX |S
∣∣ = Z + g|C|, g ≥ 3,
where Z is a (−2)-curve on S and |C| is a base point free elliptic pencil on S such that
Z · C = 1. In particular,
−KX · C = 1 and −KX · Z = g − 2.
Consider the map Φ = Φ|−KX | : X 99K P
g+1 defined by the linear system | − KX |. Its
restriction ΦS to the surface S is the morphism given by the linear system |gC|. This
linear system is composed of the elliptic pencil |C| and one can easily check that it maps
S onto a rational curve Λ ⊂ Pg. Moreover, Λ = ΦS(Z) and so Λ ⊂ P
g is a rational normal
curve of degree g. But this curve is nothing but a hyperplane section ofW = Φ(S) ⊂ Pg+1
corresponding to the divisor S. Thus, dimW = 2 and degW = g. Therefore, the image
of the map Φ|−KX | : X 99K P
g+1 is a surface minimal degree
W =Wg ⊂ P
g+1.
We obtain that W is either a rational geometrically ruled surface Fe, or a cone over a
rational normal curve of degree g, or a Veronese surface [46, Th. 1.10]. Indeterminacies of
the map Φ are resolved by blowing up of the base locus Bs |−KX |, i.e. the curve Z ≃ P
1.
We obtain the following diagram
X˜
σ
zz✉✉
✉✉
✉✉
δ
%%❑
❑❑
❑❑
❑
X
Φ
//❴❴❴❴❴❴❴ W = Wg ⊂ P
g+1
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where σ : X˜ → X is the blowup of the curve Z and the morphism δ is given by the
anticanonical linear system | −KX˜ |. It follows from (4.1.1) that the generic fiber of the
morphism δ is an elliptic curve and the exceptional divisor E := σ−1(Z) is a section of
this fibration. If W is a cone, then the fiber over its vertex can be two-dimensional.
Since 1 = ρ(X) = ρ(X˜)−1 > ρ(W )−1, we have ρ(W ) = 1. This implies thatW 6≃ Fe.
Since −KX˜ = σ
∗(−KX) − E, the fibers of the ruled surface σE : E → Z are mapped to
lines on W . Therefore, W cannot be a Veronese surface. Thus, W = Wg ⊂ P
g+1 is a cone
over a rational normal curve of degree g. Let L ⊂ W be a generator of the cone and let
w0 ∈ W be its vertex. Then gL is a hyperplane section of the surface W and therefore
−KX˜ ∼ δ
∗(gL). Clearly, F˜ := δ−1(L \ {w0}) is an irreducible surface and we can write
−KX˜ ∼ δ
∗(gL) ∼ gF˜ + D˜,
where D˜ is an effective divisor with support in δ−1(w0). We put F := σ(F˜ ) andD := σ(D˜).
Since the divisor F˜ is movable, F 6= 0 and so
(4.1.2) −KX = −σ∗KX˜ = gF +D.
If the divisor D is Cartier, then so the divisor F is (see Corollary 2.2.2). But then
ι(X) ≥ g > 1. This contradicts the assertion of Theorem 2.5.2. Therefore, we may
assume that D is not a Cartier divisor (in particular, D 6= 0). Comparing (4.1.1) and
(4.1.2) we see that D ∩ S = Z. Since ρ(X) = 1, the divisor D is reduced and irreducible.
Let τ : Xˆ → X be a small Q-factorialization [25, Corollary 4.5]. Then Xˆ is a weak
Fano threefold with factorial terminal singularities and
(4.1.3) −KXˆ = gFˆ + Dˆ,
where Fˆ and Dˆ are proper transforms on Xˆ of divisors F and D, respectively. We can
choose τ so that the divisor −Fˆ is relatively nef. Then the divisor Dˆ is also relatively nef.
There is a Fˆ -positive extremal ray on Xˆ. By our choice of τ , it must be KXˆ -negative. Let
ϕ : Xˆ → Z be a contraction of this ray and let l be the corresponding minimal rational
curve.
Suppose that Dˆ · l < 0. Then the morphism ϕ is birational and Dˆ is its exceptional
divisor. By (4.1.3)
−(KXˆ + Dˆ) · l = gFˆ · l ≥ g ≥ 4.
This is impossible by Theorem 2.4.1.
Therefore, Dˆ · l ≥ 0. Then, again by Theorem 2.4.1,
3 ≥ −KXˆ · l = gFˆ · l + Dˆ · l ≥ g ≥ 4.
Again we have a contradiction. Theorem 4.1 is proved. 
Recall that a Fano threefold X is called hyperelliptic if its anticanonical linear system
| − KX | defines a double cover onto its image. A Fano threefold X is called trigonal if
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its anticanonical linear system | − KX | is very ample and defines an embedding to the
projective space so that its image is not an intersection of quadrics.
4.2. Theorem. Let X be a Fano threefold with terminal Gorenstein singularities and
ρ(X) = 1. We put g := g(X). If g ≥ 4 and ι(X) = 1, then the linear system | −KX | is
very ample and defines an embedding to Pg+1 except for the case described in Example 4.2.1
below.
4.2.1. Example. Consider the cone W = W3 ⊂ P
5 over a smooth surface V = V3 ⊂
P4, V ≃ F1 of degree 3 with vertex o ∈ W . Fix two planes Π1, Π2 ⊂ W such that
Π1 ∩ Π2 = {o}. Consider the hypersurface Z = Z4 ⊂ P
5 of degree 4 passing through
Π1 and Π2. Let B ⊂ W ∩ Z be the residual subvariety to Π1 ∪ Π2. Consider a double
cover X → W branched over B. Then X is a hyperelliptic Fano threefold of genus 4
and X → W = W3 ⊂ P
5 is its anticanonical map, see [51, 2.7.3] and [42, Theorem 1.6,
case H5]. For a general choice of the hypersurface Z = Z4 ⊂ P
5, the singular locus of the
variety X consists of a single ordinary double point, rkCl(X) = 2, and ρ(X) = 1. In this
case, there is a Sarkisov link
Xˆ
τ
$$■
■■
■■
■
χ
//❴❴❴❴❴❴❴
f
zz✉✉
✉✉
✉✉
Xˆ ′
f ′
%%❏
❏❏
❏❏
❏τ ′
zztt
tt
tt
P1 X Y ′
where τ and τ ′ are two small resolutions, f is a del Pezzo fibration of degree 2, and f ′ is
the blowup of a factorial ordinary double point on a del Pezzo threefold Y ′ degree 1 [51,
(2.7.3)], [13, Lemma 3.4]. A general variety of this type is not rational [42, Proposition 5.6].
Note that this case is erroneously omitted in [21].
Proof of Theorem 4.2. According to Theorem 4.1 the linear system | − KX | defines a
morphism
Φ = Φ|−KX | : X →W ⊂ P
g+1,
where W := Φ(X). Suppose that the morphism Φ is birational but not an embedding.
Let S ∈ | −KX | be a general element. Then the restriction of Φ to S is birational. By
the Kawamata-Viehweg vanishing theorem of the restriction map of graded algebras⊕
n≥0
H0(X,OX(−nKX))) −→
⊕
n≥0
H0(S,OS(−nKX)))
is surjective on a homogeneous component of any degree. According to the classical
result on K3 surfaces [46, Th. 6.1] the algebra on the right-hand side is generated by its
component of degree 1. It follows that the algebra on the left-hand side is also generated
by its component of degree 1 (see [15, Lemma 2.9]). In this case, −KX is a very ample
divisor.
Suppose now that the morphism Φ is not birational to its image W . We have
2g − 2 = −K3X = (deg Φ) · (degW ).
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Since deg Φ ≥ 2 and
degW ≥ codim(W ) + 1 = g − 1
(according to the classical Enriques theorem, see [46, §1]), we have the only possibility:
deg Φ = 2 and degW = g − 1. Thus, W = Wg−1 ⊂ P
g+1 is a variety of minimal degree
[46, Th. 1.11]. Since ρ(X) = 1, we have ρ(W ) = 1. Since g ≥ 4, the variety W must be
singular [46, Th. 1.11].
Consider the case dim Sing(W ) = 1. Then Sing(W ) = L is a line and W is a cone with
vertex L over a rational normal curve C = Cg−1 ⊂ P
g−1 (see [46, Th. 1.11]). It is easy to
see that in this case the group Cl(W ) is generated by the class of the plane Π ⊂W . Since Φ
is a finite morphism, there is a well-defined homomorphism Φ∗ : Cl(W )→ Cl(X) which is
an embedding. Moreover, −KX = Φ
∗HW , where HW is the class of the hyperplane section
of W . A count of degrees gives us HW ∼ (g− 1)Π. This means that −KX ∼ (g− 1)Φ
∗Π,
i.e. ι(X) ≥ g − 1 ≥ 2 (see Corollary 2.2.2). This contradicts our assumptions.
Finally, consider the case dim Sing(W ) = 0. Then Sing(W ) = {o} is a point and W is
a cone with vertex o over smooth surface V = Vg−1 ⊂ P
g which is either a rational ruled
surface or a Veronese surface (again according to [46, Th. 1.11]). In the second case, as
above, we get ι(X) > 1. Consider the case where V = Vg−1 ⊂ P
g is a smooth rational
ruled surface. In this case, the vertex of the cone o ∈ W has a small resolution W˜ → W ,
where W˜ ≃ F(n1, n2, n3),
n3 ≥ n2 > n1 = 0, g =
∑
ni + 1 ≥ 4,
and the morphism F(0, n2, n3)→W ⊂ P
g−1 is given by the tautological linear system |M |.
Moreover, the minimal section C˜ ⊂ W˜ of the projection F(0, n2, n3) → P
1 is contracted
to the vertex of the cone. Since o ∈ W is a non-Gorenstein singularity, the morphism Φ
is ramified over o, i.e. P := Φ−1(o) is one point. Consider the base change
X˜
Φ˜
//

W˜

X
Φ
// W
where X˜ is the normalization of X ×W W˜ . Here X˜ → X is a small birational morphism.
Therefore, the variety X˜ has only terminal Gorenstein singularities. In particular, X˜ is
smooth at the generic point of the fiber Φ˜−1(C˜) over Φ−1(o). Let B ⊂W (resp. B˜ ⊂ W˜ )
be the branch divisor of the morphism Φ (resp. Φ˜). It is clear that B is the image of B˜.
According to the Hurwitz formula we can write
KX˜ = Φ
∗
(
KW˜ +
1
2
B˜
)
= −Φ∗M, B˜ ∼ 4M + 2(2− a1 − a2)F,
where F is the class of a fiber of the projection F(0, n2, n3) → P
1. Since X˜ is smooth at
a generic point of the curve Φ˜−1(C˜), the branch divisor B˜ must be smooth at a generic
point of C˜. Apply the following estimate of the multiplicity:
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4.2.2. Proposition ([16, Ch. 1, Prop. 3.13]). Let
E := ⊕mi=1OP1(ni), 0 ≤ n1 ≤ · · · ≤ nm, n1 6= nm
For each integer c put
Ec := ⊕ni≤cOP1(ni).
We identify PP1(Ec) with the subvariety in PP1(E ), where the embedding defined by the
projection E → Ec. Let M be the tautological divisor on PP1(E ) and let F be the fiber of
the projection PP1(E )→ P
1. Then every section
s ∈ H0(PP1(E ),O(aM + bF ))
has a zero of order ≥ q along PP1(Ec) if and only if the following inequality is satisfied
(4.2.3) ac+ b+ (nm − c)(q − 1) < 0.
In our case, for q = 2 and c = n1 = 0, this gives us
4n1 + 4− 2
∑
ni + n3 − n1 ≥ 0.
We obtain the only possibility: n2 = 1, n3 = 2, i.e. W˜ = F(0, 1, 2) and B˜ ∼ 4M − 2F .
Theorem 4.2 is proved. 
4.3. Theorem. Let X be a Fano threefold with terminal Gorenstein singularities and
ρ(X) = 1. We put g := g(X). If g ≥ 5 and ι(X) = 1, then the image X = X2g−2 ⊂ P
g+1
of the anticanonical embedding is an intersection of quadrics except for two cases described
in Examples 4.3.1 and 4.3.3 below.
4.3.1. Example ([42, Th. 1.6, Case T3]). Consider the cone W = W3 ⊂ P
6 over the Segre
variety V ⊂ P5, V ≃ P2 × P1. Let Π ⊂ W be a plane. Consider the cubic hypersurface
Z = Z3 ⊂ P
6 passing through Π and let X = X8 ⊂ P
6 be a residual subvariety of W ∩ Z
to Π, that is, W ∩ Z = X ∪ P . Then X is an anticanonically embedded Fano threefold
of genus 5. Moreover, the quadrics in P6 passing through X cut out W ⊂ P6. For a
general choice of Z, the singular locus of X consists of a single ordinary double point and
ρ(X) = 1. In this case, X is included in the Sarkisov link of the form
(4.3.2)
Xˆ
τ
$$■
■■
■■
■
χ
//❴❴❴❴❴❴❴
f
zz✉✉
✉✉
✉✉
Xˆ ′
f ′
%%❏
❏❏
❏❏
❏τ ′
zztt
tt
tt
Y X P1
where Y = P2, f is a conic bundle with a discriminant curve of degree 7, and f ′ is a
fibration into cubic surfaces [4, Table 2, Case 3], [51, 2.9.4], [21, 5.2]. A general variety
from this family is not rational [2, The´ore`me 4.9], [42, Claim 5.5].
4.3.3. Example. Consider the anticanonical image Y = Y16 ⊂ P
10 of a del Pezzo threefold
of degree 2 (double space branched in a quartic). Let l be a line on Y (with respect to the
standard polarization −1
2
KY ). The image of l on Y16 ⊂ P
10 is a conic. Let X = X10 ⊂ P
7
14
be the image of Y16 ⊂ P
10 when projected from l. Then X = X10 ⊂ P
7 is a trigonal
Fano threefold with terminal Gorenstein singularities [42, example 1.11, remark 4.17]. As
above, in this case a general variety X of this type is included in the Sarkisov link (4.3.2),
where Y is a del Pezzo threefold of degree 2, f is the blowup of a line on it, and f ′ is a
fibration into cubic surfaces [51, 2.9.3], [21, 6.5 ]. A general variety from this family is
not rational [53].
Proof of Theorem 4.3. Let W ⊂ Pg+1 be an intersection (as a scheme) of all quadrics
passing through X . Fix a point P ∈ W which is not singular for X and consider a
sufficiently general subspace in Pg ⊂ Pg+1 such that S := X ∩ Pg is a smooth surface
(of type K3). It can be shown (see [46, Lemma 7.9]) that any quadric Q ⊂ Pg passing
through S extends to a quadric Q′ ⊂ Pg+1 passing through X . Therefore, the scheme
WS := W∩P
g is cut out by quadrics in Pg containing S and by virtue of [46, §7] the variety
WS is irreducible and it is a three-dimensional subvarietyWS ⊂ P
g of minimal degree g−2.
Therefore, W is also irreducible and it is a variety of minimal degree W = Wg−2 ⊂ P
g+1.
Since g ≥ 5, again according to [46, §7], the varietyWS is smooth at P and the same is true
forW . Therefore, W is smooth outside the singular points of X : Sing(W ) ⊂ Sing(X). If
W is smooth everywhere, then according to the classical Enriques theorem [46, Th. 1.11]
the variety W = Wg−2 ⊂ P
g+1 has a structure of a P3-bundle over P1. So, in this case,
X is surjectively mapped onto the curve. This contradicts our assumption ρ(X) = 1.
Since the variety X has at worst isolated singularities, W = Wg−2 ⊂ P
g+1 is a cone with a
zero-dimensional vertex w0 over a smooth three-dimensional variety V = Vg−2 ⊂ P
g and
X is singular at w0. The vertex of the cone w0 ∈ W has a resolution σ : Wˆ → W , where
Wˆ ≃ PP1(E ) and E is a rank 4 vector bundle on P
1. Moreover, the exceptional locus
Cˆ := σ−1(w0) is a smooth rational curve, the section of the bundle π : PP1(E )→ P
1. Let
Xˆ ⊂ Wˆ be the proper transform of X and let η : Xˆ → X be the restriction of σ to Xˆ .
We may assume that E = ⊕4i=1OP1(ni), where∑
ni = g − 2 ≥ 3, n := n4 ≥ n3 ≥ n2 > n1 = 0,
and the morphism Wˆ → W ⊂ Pg+1 is given by the linear system |M |, where M is the
tautological divisor on PP1(E ). Let F be the fiber of the projection π : Wˆ ≃ PP1(E )→ P
1.
Then
−KWˆ = 4M + (2−
∑
ni)F = 4M + (4− g)F, −KXˆ =M |Xˆ .
Thus, KXˆ = η
∗KX , i.e. the morphism η : Xˆ → X is crepant and therefore the variety Xˆ
has at worst terminal Gorenstein singularities. According to the adjunction formula,
Xˆ ∼ 3M + (4− g)F = 3M + (2−
∑
ni)F.
In particular, Xˆ is nonsingular at the generic point of Cˆ. Apply the estimate of the
multiplicity (4.2.3) with q = 2 and c = n1 = 0. We obtain n2 + n3 ≤ 2, i.e. n2 = n3 = 1.
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Further, the three-dimensional subvariety PP1(E
′) corresponding to the surjection
E → E ′ = OP1(n2)⊕ OP1(n1)⊕ OP1,
not a component of Xˆ . Using (4.2.3) again, we obtain
3n3 + 2−
∑
ni ≥ 0, n4 ≤ 3.
Thus, n2 = n3 = 1 ≤ n ≤ 3, i.e.
E ≃ OP1 ⊕ OP1(1)⊕ OP1(1)⊕ OP1(n), n = 1, 2, 3.
Therefore,
g = n+ 4, g = 5, 6, 7.
Note also that W is a cone over a smooth rational scroll V ⊂ Pn+4, V ≃ F(1, 1, n).
Consider the case n = 1 (i.e. g = 5). Then V ≃ P1 × P2 (with Segre embedding to P5)
andW =W3 ⊂ P
6 is a cone over V . Since Xˆ ∼ 3M−F , there exists a cubic hypersurface
Z = Z3 ⊂ P
6 passing through X and the residual subvariety in Z ∩W is the plane σ(F ).
We obtain the variety from Example 4.3.1. Similarly, in the case of n = 2 we get the
variety from Example 4.3.3.
Let n = 3. The linear system |M − nF | contains a unique irreducible divisor Dˆ. This
divisor is a rational scroll F(1, 1, 3) and contains the section Cˆ. Using (4.2.3) on Dˆ again,
we get that the multiplicity of Dˆ ∩ Xˆ along Cˆ equals 3. This means that the divisor
Dˆ ∩ Xˆ is reducible: Dˆ ∩ Xˆ = R1 + R2 + R3, where the intersection of Ri with a general
fiber F of the projection π is a line. For a general choice Xˆ ∈ |3M − 3F |, the variety Xˆ
is nonsingular and X is a trigonal Fano threefold with an ordinary double point in σ(C˜)
(see [42, case T16]). In this case, Ri are Cartier divisors and their some linear combination∑
aiRi trivially intersects Cˆ. But then σ∗(
∑
aiRi) is a Cartier divisor on X which is
not proportional to KX . This contradicts our assumption ρ(X) = 1. Theorem 4.3 is
proved. 
4.4. Complement. Consider the construction of trigonal varieties from the proof of The-
orem 4.3 in more detail. The base locus of the linear system |N | := |M − F | consists
exactly of the curve Cˆ and a general element |N | is irreducible. Let γ : W˜ → Wˆ be the
blowup of Cˆ. The composition W˜ −→ Wˆ −→ W is the blowup of the vertex of the cone
w0 ∈ W , the natural projection of W˜ → V is a P
1-bundle and the exceptional divisor
E := γ−1(Cˆ) is its section. Let M∗ := γ∗M and F ∗ := γ∗F . Then the linear system
|N˜ | := |M∗−F ∗−E| is base point free and defines a morphism φ : W˜ → Pn+1. It is easy
to compute:
(M∗)4 = n+ 1, (M∗)3 · F ∗ = 1, M∗ · E3 = 0, F ∗ · E3 = 1, E4 = −n− 2.
Since N˜3 · F ∗ = 0, the morphism φ contracts the divisors F ∗: the image of each F ∗ is a
plane P2 on φ(W˜ ) and in fibers F ∗ → φ(F ∗) are lines which are fibers of W˜/V . Hence we
conclude that φ(W˜ ) = φ(E) and φ(W˜ ) = Pn+1 for n = 1 and 2. Since N˜3 ·E = n− 1, the
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morphism φE : E → φ(E) is birational for n = 2 and 3, and for n = 3 its image φ(W˜ ) is
a quadric in P4. We obtain a commutative diagram
(4.4.1) W Wˆ
σ
oo
π
W˜
yy

φ
//
γ
oo φ(W˜ ) ⊂ Pn+1
P1 Voo
44❤❤❤❤❤❤❤❤❤❤❤❤❤
Note that E ≃ V ≃ F[1, 1, n]. We also have
N˜3 · X˜ = 2n− 2.
Consider the case n = 1. Then E ≃ P1 × P2 and its normal bundle has the form
NE/W˜ ≃ OP1(−1)⊠OP2(−1). Therefore, there are two contractions W˜ → Wˆ and W˜ → Wˆ
′
of the divisor E in different directions. We obtain that φ : W˜ → P2 decomposes into the
composition φ : W˜ −→ Wˆ ′ −→ P2. Here, the projection of Wˆ ′ → P2 is a P1-bundle and
induced rational map Wˆ 99K Wˆ ′ is the Kawamata flip [26].
For n = 2 and 3, the anticanonical divisor −KW˜ = 2N˜ + 2M
∗ − (n− 2)F ∗ is relatively
nef over φ(W˜ ) and the linear system |M − nF | contains a unique irreducible divisor D,
having multiplicity 1 along Cˆ. Let D˜ ⊂ W˜ be the proper transform of D. It is easy to
compute that N˜3 · D˜ = N˜2 · D˜2 = N˜ · D˜3 = 0. Therefore, the divisor D˜ is contracted to
a rational curve. We also have
N˜2 · X˜ · D˜ = 0.
Consider the case of g = 6 (that is, n = 2). Then W is a cone over a smooth rational
scroll V ⊂ P6, V ≃ F[1, 1, 2]. Moreover, V → P3 is the blowup of a line. Since N˜3 · X˜ = 2
and N˜2 · X˜ · E = 0, the induced map Xˆ 99K P3 is double cover at a general point and
does not contract any divisors. Top line in (4.4.1) induces maps on X :
X ←− Xˆ ←− X˜ −→ V −→ P3,
where X˜ → V → P3 is the Stein factorization for φ|X˜ . Here V → P
3 is a double cover and
V is a Fano threefold, double space branched in a quartic. We obtain the variety from
Example 4.3.3.
Finally, consider the case of g = 7 (that is, n = 3). Then the variety W is a cone over
a smooth rational scroll V ⊂ P7, V ≃ F[1, 1, 3]. The image of φ(W˜ ) is a quadric Q ⊂ P4,
singular along the line l ⊂ Q. Since N˜3 · D˜ = N˜2 · D˜2 = 0, the morphism φ contracts the
divisor D˜ to the line l. Since N˜3 · X˜ = 4 and N˜2 · X˜ · E = 0, the induced map Xˆ 99K Q
is double cover at a general point.
5. Fano threefolds containing a plane
5.1. Let X = X2g−2 ⊂ P
g+1 be a Fano threefold with terminal Gorenstein singularities
such that Pic(X) = Z ·KX and g ≥ 5. In this section we assume that X is not trigonal
and contains a plane.
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5.2. Theorem. Let X = X2g−2 ⊂ P
g+1 be an anticanonically embedded (see Theorem 4.2)
Fano threefold with terminal Gorenstein singularities such that Pic(X) = Z · KX and
g ≥ 5. Suppose that X is not trigonal and contains the plane Π. If the variety X is not
rational, then g(X) = 6 and X is birationally equivalent to a smooth three-dimensional
cubic Y3 ⊂ P
4 and the corresponding map Y3 99K X2g−2 ⊂ P
g+1 is given by the linear
system of quadrics passing through a connected reduced curve Γ ⊂ Y3 ⊂ P
4 of degree 3 of
arithmetic genus 0 such that dim〈Γ〉 = 3. In this case, the plane Π is an image of the
cubic surface ΠY := Y ∩ 〈Γ〉. For the curve Γ, only the following possibilities occur (see
examples below):
(i) Γ is a smooth rational twisted cubic curve;
(ii) Γ = Γ1 ∪ Γ2, where Γ2 is a non-degenerate conic and Γ1 is a line;
(iii) Γ = Γ1 ∪ Γ2 ∪ Γ3 is a chain of three lines;
(iv) Γ = Γ1 ∪ Γ2 ∪ Γ3 is the union of three lines passing through one point.
Let us give some examples.
5.2.1. Example. Let Y = Y3 ⊂ P
4 be a smooth three-dimensional cubic and let Γ ⊂ Y
be a twisted rational cubic curve. Consider the blowup f : Xˆ → Y of Γ. Let Dˆ ⊂ Xˆ be
an exceptional divisor, let L be a hyperplane section of Y , and let L∗ := f ∗L. The linear
system | − KXˆ | = |2L
∗ − D| is base point free and defines a morphism τ : Xˆ → X =
X10 ⊂ P
7 to a Fano threefold of genus 6. Let ΠY ⊂ Y be the hyperplane section passing
through Γ. Then for its preimage ΠXˆ ⊂ Xˆ we have ΠXˆ ∼ L
∗ −D. This implies
deg τ(ΠXˆ) = (−KXˆ)
2 · (L∗ −D) = 1,
i.e. Π := τ(ΠXˆ) is a plane. All curves contracted by the morphism τ lie on the surface
ΠXˆ (which is not contracted). Therefore, τ is a small morphism and the singularities of
X are terminal. Moreover, ΠXˆ is a weak del Pezzo surface of degree 3 and the restriction
of τΠ : ΠXˆ → Π is the blowup of six points in almost general position. It is also clear that
ρ(X) < ρ(Xˆ) = 2, i.e. ρ(X) = 1. The construction can be completed to the following
Sarkisov link
Xˆ
τ
$$■
■■
■■
■
χ
//❴❴❴❴❴❴❴
f
zz✉✉
✉✉
✉✉
Xˆ ′
f ′
%%❏
❏❏
❏❏
❏τ ′
zztt
tt
tt
Y X Y ′
where χ is a flop and f ′ is an extremal Mori contraction which contracts its preimage ΠXˆ
to a non-Gorenstein point of type 1
2
(1, 1, 1) [3], [12].
The following example is a degeneration of Example 5.2.1.
5.2.2. Example. Let Y = Y3 ⊂ P
4 be a smooth three-dimensional cubic and let Γ ⊂ Y
be a connected reducible curve of degree 3 of arithmetic genus 0 having ordinary double
points. Thus, the curve Γ is of type 5.2(ii) or (iii). Let be f : Xˆ → Y be the the blowup of
Γ. The variety Xˆ has only terminal Gorenstein (non-factorial) singularities over Sing(Γ).
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As above, the linear system |−KXˆ | defines a morphism τ : Xˆ → X = X10 ⊂ P
7 to a Fano
threefold of genus 6 with terminal Gorenstein singularities and the image of a hyperplane
section passing through Γ is a plane on X .
5.2.3.Example. Let Y = Y3 ⊂ P
4 be a smooth three-dimensional cubic of the type 5.2(iv),
i.e. let Γ = Γ1∪Γ2∪Γ3 ⊂ Y be the union of three lines passing through one point P ∈ X
and not lying in the same plane. Consider the symbolic blowup f1 : Xˆ1 → Y of Γ. Recall
that this is the relative Proj of the sheaf of algebras ⊕I
[n]
Γ , where I
[n]
Γ is the ideal in OY
consisting of elements that vanish with the multiplicity ≥ n along Γ. It can be shown
that in this situation Xˆ1 has a unique singular point that is terminal of type
1
2
(1, 1, 1)
[41]. Let Xˆ → Xˆ1 be the blowup of this point and let Eˆ1 be its exceptional divisor.
Then Xˆ → Xˆ1 is an extremal contraction of type B5. The linear system | −KXˆ | defines
a morphism τ : Xˆ → X = X10 ⊂ P
7 to a Fano threefold of genus 6 with Gorenstein
terminal singularities and the image of Eˆ1 is a plane on X .
Proof of Theorem 5.2. Put L := | −KX |. Then dimL = g + 1 ≥ 6. Consider also the
following linear system H ⊂ L :
H := {H | H +Π ∈ L }.
Clearly, H has no fixed components and
dimH = dimL − 3 = g − 2 ≥ 3.
Consider the map
Φ = ΦH : X 99K P
g−2
given by the linear system H , i.e. the projection from Π. We put Y := Φ(X).
5.3. Lemma. The map Φ is birational onto its image and g ≥ 6.
Proof. The general fiber Φ−1(y) of the map Φ : X 99K Y is the residual subvariety of the
intersection of X and the subspace P3 generated by Π and the point y. The set X ∩ P3
is an intersection of quadrics in P3 and contains Π. So X ∩ P3 \Π is a linear subspace in
P3. If this is a point, then Φ is birational. If X ∩ P3 \ Π is a plane, then Y is a rational
curve and Φ is a birationally P2-bundle. Hence, the variety X is rational in this case.
This contradicts our assumptions. If X ∩P3 \Π is direct, then Y is a rational surface and
Φ is a birationally P1-bundle. Again X is rational, a contradiction. Thus, the map Φ is
birational. If g = 5, then Y = P3 and therefore the variety X is also rational. This again
contradicts our assumptions. 
Let σ : X˜ → X be the blowup of Π. This is a small birational morphism that can be
extended to Q-factorialization Xˆ → X˜ → X . Since the linear system HXˆ is base point
free, the pair (Xˆ,HXˆ) is terminal. We have
KXˆ + HXˆ +ΠXˆ ∼ 0.
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Let us run the MMP with respect to the log divisor KXˆ + Hˆ , first over Y , and then over
Spec(C). We obtain the following diagram:
X˜
σ

++❲❲❲
❲❲❲
❲❲❲
❲❲❲
❲❲❲
❲❲❲
❲❲❲
❲❲❲
❲ Xˆoo
MMP/Y
//❴❴❴❴❴
f
''P
PP
PP
PP
PP
PP
P V
ϕ

MMP
//❴❴❴❴❴ U
υ

X
Φ
//❴❴❴❴❴❴❴❴❴❴❴❴ Y Z
We have
(5.3.1) KV + HV +ΠV ∼ 0.
Note that HV is the proper transform of the linear system of hyperplane sections of the
variety Y . In particular, it follows that HV is base point free and dimHV = g − 2 ≥ 4.
The variety U has a structure of a Mori fiber space υ : U → Z. If dimZ = 2, then υ is
a rational curve fibration over a rational surface Z. Since the image of the map defined
by the linear system HU is three-dimensional, HU is not a preimage of a linear system
on Z, i.e. HU is υ-horizontal. For a fiber l of the contraction υ over a sufficiently general
point we have U ≃ P1, KU · l = −2, and HU · l > 0. Therefore, HU · l = 1. Thus, υ is a
rational curve fibration with a birational section HU . In this case, X must be rational.
If dimZ = 1, then Z ≃ P1 and the generic fiber υ is either a two-dimensional quadric or
by plane. As above, X is rational.
Thus, Z is a point. In this case, U is a Fano threefold with terminal Q-factorial
singularities and Picard number ρ(U) = 1. Moreover, there is a decomposition
(5.3.2) KU + HU +ΠU ∼ 0,
where ΠU is a prime Weil divisor, HU is a linear system of Weil divisors without fixed
components, dimHU = g − 2 ≥ 4, and the pair (U,HU) is terminal. In particular, the
generic element HU ∈ HU is nonsingular, lies in the smooth locus of U , and Bs |HU | ≤ 0.
By the adjunction formula −KHU ≡ ΠU |HU and this divisor is ample. So HU is a smooth
del Pezzo surface. In particular, it is rational. By our assumption, the variety U is not
rational. Such pairs (U,HU) are classified (see [5, Theorem 1.5]). Taking the inequality
dim |HU | ≥ dimHU ≥ 4 into account we obtain that U = U3 ⊂ P
4 and HU is a complete
linear system of hyperplane sections and ΠU is also a hyperplane section. In particular,
HU is base point free. This implies that the map Xˆ 99K U is defined by the linear system
HXˆ . Therefore, U = Y = V and this map is a morphism. We obtain that g = 6 and the
linear system HU is base point free. Let Eˆ =
∑
Eˆi be the exceptional divisor of f and
let Γ ⊂ Y be the union of the one-dimensional components of f(E) ⊂ Y . The curve Γis
contained in the surface ΠY which is a hyperplane section of the cubic Y . In particular,
dim〈Γ〉 ≤ 3. Further,
K2
Xˆ
·HXˆ = (f
∗KU + E)
2 · f ∗HU = K
2
U ·HU −HU · Γ.
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On the other hand,
K2
Xˆ
·HXˆ = −K
3
Xˆ
−K2
Xˆ
· ΠXˆ = 10− 1 = 9.
Hence, HU ·Γ = K
2
U ·HU −9 = 12−9 = 3. Thus, Γ ⊂ Y is a curve of degree 3. Note that
LY = f∗Lˆ is a linear system of quadratic sections of the cubic Y , dimLY = dimL = 7,
and BsLY ⊃ Γ. This linear system defines a map Y 99K X = X10 ⊂ P
7.
We claim that the curve Γ is connected. This is obvious if dim〈Γ〉 = 2. Let dim〈Γ〉 = 3.
Then Γ is a curve of degree 3 in P3, through which at least two different quadrics pass.
Therefore, Γ is contained in the singular quadric Q ⊂ P3. If Q is irreducible, then
Pic(Q) ≃ Z and the curve Γ is obviously connected. Hence, we may assume that Q is the
union of two planes. Then Γ by the union of a conic lying in one plane and a line lying
in another one. It is easy to see that such a curve Γ is connected. Therefore, for Γ there
are only possibilities 5.2(i)-(iv) and possibly another additional possibility
(v) dim〈Γ〉 = 2 and Γ = Y ∩ 〈Γ〉, i.e. Γ is a plane cubic.
In all cases, the curve Γ is cut out on Y by the linear system LY,Γ of quadratic sections
passing through it. According to the above LY ⊂ LY,Γ and Γ = BsLY,Γ (as a scheme).
It is also easy to compute that m := dimLY,Γ = 7 + pa(Γ). In the cases 5.2(i) -(iv) we
have LY = LY,Γ and therefore the variety X coincides with the image of the map ΦLY,Γ :
Y 99K X = X10 ⊂ P
7 which should be birational. The existence of the corresponding X
follows from Examples 5.2.1 -5.2.3.
Consider the case (v). Then LY has codimension 1 in LY,Γ. This implies that the linear
system LY,Γ defines a map ΦLY,Γ : Y 99K X
♯ ⊂ P8 and our original variety X = X10 ⊂ P
7
is the projection of X♯ from P ∈ P8. Let HY,Γ be a linear system of hyperplane sections
of our cubic Y passing through Γ. Then Γ = BsHY,Γ. Let σ : Y˜ → Y be the blowup of
Γ and let HY˜ ,Γ be the proper (birational) transform of HY,Γ. Then Y˜ has only isolated
singularities of type cDV (cf. [11, Theorem 4]) and the linear system HY˜ ,Γ is base point
free and defines a fibration ν : Y˜ → P1 into cubic surfaces. The anticanonical linear system
|−KY˜ | is the proper transform LY˜ ,Γ of the linear system LY,Γ and LY˜ ,Γ ∼ HY˜ ,Γ+σ
∗HY,Γ.
Hence LY˜ ,Γ defines a map to X
♯ ⊂ P8. It follows that the divisor −KY˜ is ample, Y˜ 99K X
♯
is an isomorphism, and ρ(X♯) = 2. Moreover, X♯ ⊂ P8 is an anticanonically embedded
Fano threefold of genus 7 with at worst terminal Gorenstein singularities [48]. The fibers
of ν are mapped to cubic surfaces at X ⊂ P7. This means that the variety X is trigonal
and contradicts our assumptions. Theorem 5.2 is proved. 
6. Q-factorial Fano threefolds
In this section, we classify factorial nonrational Fano threefolds. We do not assume
that the Picard number equals 1. This is due to the fact that in the construction (3.1.1)
the output variety Xˆ(n) can have a Picard number > 1.
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6.1. Theorem. Let X be a Fano threefold with terminal factorial singularities. Suppose
that there are no nontrivial extremal contractions X → X ′ of types B1-B4. If X is not
rational, then for X one of the following possibilities holds:
(6.1.a) ρ(X) = 1, ι(X) = 2, d(X) ≤ 3, and if d(X) = 3, then X is nonsingular;
(6.1.b) ρ(X) = 1, ι(X) = 1, g(X) ≤ 6;
(6.1.c) ρ(X) = 1, ι(X) = 1, X = X14 ⊂ P
9 is a smooth threefold of the genus 8 [19];
(6.1.d) ρ(X) = 2, g(X) = 4, X is a double cover of X → P1 × P2 with branch divisor of
bidegree (2, 3);
(6.1.e) ρ(X) = 2, g(X) = 7, X is a divisor of bidegree (2, 2) on P2 × P2;
(6.1.f) ρ(X) = 2, g(X) = 7, X is a double cover of X → V with branch divisor B ∈
| −KV |, where V is a smooth divisor of bidegree (1, 1) on P
2 × P2;
(6.1.g) ρ(X) = 3, g(X) = 7, X is a double cover of X → P1 × P1 × P1 with branch
divisor tridegree (2, 2, 2).
All smooth threefolds of the types described above are not rational except for the threefolds
with ρ(X) = 1, ι(X) = 1, g(X) = 6, for which only the nonrationality of a general
member of the family is known.
All described threefolds are deformations of nonsingular Fano threefolds [19], [31, (8.1)].
6.1.1. Example. Let X = X10 ⊂ P
7 be a Fano threefold with ι = 1 and g(X) = 6 having
a factorial singular point P of type cAn1 . By [39, Theorem 2] or [21, Prop. 7.11] there is
a Sarkisov link
X˜
yyss
ss
ss
//❴❴❴ X ′
&&▲
▲▲
▲▲
▲
X P2
where π : X ′ → P2 is a conic bundle with discriminant curve ∆ of degree 6. Here X˜ → X
is the blowup of the maximal ideal of the point P . The singular locus of X ′ consists of
one point of type cAn−21 . If P ∈ X is an ordinary double point or is of type cA
3
1, then the
conic bundle π is standard and the variety X is not rational [2].
Proof of Theorem 6.1. First suppose that ρ(X) = 1. The situation where ι(X) > 1 were
considered in [38]. The cases ι(X) = 1 for g(X) = 7 and g(X) ≥ 9 were considered in
[35, § 4]. We prove that in the case g(X) = 8 the variety X is smooth. Suppose that X
has a singular point P . If the singularity P ∈ X is of type cA1, then X is rational by [39,
theorem 2]. So we may assume that P ∈ X is of a type worse than cA1. It is known (see,
e.g., [35, § 4]) that there is a Sarkisov link X ← X˜ 99K X ′ → P2, where π : X ′ → P2 is
a conic bundle with discriminant curve ∆ of degree 5. Here X˜ → X is the blowup of a
line that does not intersect Sing(X). Moreover, X ′ has a singularity P ′ locally isomorphic
to P ∈ X (in particular, the type of P ′ ∈ X ′ is worse than cA1). As in the proof [39,
Lemma 1], we obtain that the multiplicity of the discriminant curve ∆ ⊂ P2 at the point
o := π(P ′) is at least 3. Let L be a pencil of lines on P2 passing through o. Consider
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a standard model π• : X• → S• of the fibration π [47]. Let ∆• be the discriminant
curve. We may assume that there is a (birational) morphism ϕ : S• → P2 and the proper
transform L • of the pencil L is base point free. Since the set-theoretic intersection of
the general element L ∈ L and ∆ consists of at most three points, we have L • ·∆• ≤ 3.
According to the Iskovskikh theorem (see, e.g., [17] or [40, Proposition 5.6]) the variety
X• is rational, a contradiction.
Consider the case of ρ(X) ≥ 2. Then there are at least two different extremal contrac-
tions of f : X → Y and f ′ : X → Y ′ on X . By our assumption and Corollary 2.4.2 they
have types E5, C1 or D1. Consider these cases consecutively.
Set-up. In our situation, let H := −KX . Then −K
3
X = 2g − 2, where g = g(X) is the
genus of X . We introduce the following notation: HY and H
′
Y are the ample generators
of Pic(Y ) and Pic(Y ′), respectively. Put M := f ∗HY and M
′ := f ′∗H ′Y .
Type E5. Suppose that one of the extremal contractions, say f , is of type E5. Let E be its
exceptional divisor. Then E ≃ P2. If another contraction f ′ has a two-dimensional fiber
F , then F ∩E 6= ∅. So E and F meet each other along a curve that must be contracted
by both f and f ′. This is impossible. Therefore, f ′ is of type C1. Since E ≃ P
2 dominates
Y ′, we have Y ′ ≃ P2. In particular, ρ(X) = 2. Since Pic(X) = Z · H ⊕ Z ·M ′, we can
write E ∼ aH − bM ′. We have the following relations (see, e.g., [19, Lemma 4.1.6]):
M ′3 = 0, H ·M ′2 = 2, H2 ·M ′ = 12− d′,
E3 = a3(2g − 2)− 3a2b(12 − d′) + 6ab2 = 4,
H · E2 = a2(2g − 2)− 2ab(12− d′) + 2b2 = −2,
H2 · E = a(2g − 2)− b(12− d′) = 1.
This system of Diophantine equations has no solutions.
Type D1. Suppose that one of the extremal contractions, say f , is of type D1, i.e. f is
a del Pezzo fibration. Let F be its fiber and let d := K2F . Then ρ(X) = 2 and the second
contraction of f ′ must be a conic bundle over Y ′ = P2. Let ∆′ ⊂ Y ′ be the discriminant
curve and let d′ := deg∆′. We have the following relations (see, e.g., [19, Lemma 4.1.6]):
M3 =M ′3 =M2 ·H = 0, H ·M ′2 = 2, H2 ·M = d, H2 ·M ′ = 12− d′.
Since Pic(X) = Z ·H ⊕ Z ·M = Z ·H ⊕ Z ·M ′, we can write M ′ ∼ aH −M . Then
1
a
M ′3 = a2(2g − 2)− 3ad = 0,
M ′2 ·H = a2(2g − 2)− 2ad = 2.
We obtain a unique solution: a = 1, d = 2, g = 4, d′ = 8. The morphism
h = f × f ′ : X → V ⊂ P1 × P2
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is finite of degreeM ·M ′2 = 2. The branch divisor is computed using the Hurwitz formula.
We get the case (6.1.d)
Types C1-C1. Consider the case where ρ(X) = 2 and both contractions of f and f
′
are conic bundles. Then Y ≃ Y ′ ≃ P2. Let ∆ ⊂ Y and ∆′ ⊂ Y ′ be the corresponding
discriminant curves, let d := deg∆, and let d′ := deg∆′. We have the following relations
(see, e.g., [19, Lemma 4.1.6]):
M3 =M ′3 = 0, H ·M2 = H ·M ′2 = 2, H2 ·M = 12− d, H2 ·M ′ = 12− d′.
Since Pic(X) = Z ·H ⊕ Z ·M = Z ·H ⊕ Z ·M ′, we can write M ′ ∼ aH −M . Then
1
a
M ′3 = a2(2g − 2)− 3a(12− d) + 6 = 0
and, similarly, a2(2g − 2) − 3a(12 − d′) + 6 = 0. Subtracting the first equality from the
second one, we obtain d = d′. We also have
12− d = H2 ·M = a(2g − 2)− (12− d).
We obtain a unique solution: a = 1, d = 6, g = 7. As above, the morphism
h = f × f ′ : X → V ⊂ P2 × P2
is finite onto its image V ⊂ P2× P2. If it is birational, then V is divisor of bidegree (2, 2)
(since M2 ·M ′ =M ′2 ·M = 2). Since by the adjunction formula KX = h
∗KV , the map h
is an isomorphism in codimension 1. By the Serre criterion, the variety V is normal and
h is an isomorphism. We get the case (6.1.e).
Suppose that the morphism h is not birational. Then it is of degree 2 and V is a
divisor of bidegree (1, 1) (again because M2 ·M ′ =M ′2 ·M = 2). In this case, the variety
V is normal and, according to the Hurwitz formula, the branch divisor belongs to the
anticanonical linear system. We get the case (6.1.f).
Case ρ(X) > 2. Finally, we assume that ρ(X) > 2 and all extremal contractions on X
are conic bundles. By Lemma 3.1.6, the base of any extremal contraction f : X → Y
is isomorphic to P1 × P1. This implies that ρ(X) = 3. Let l be one of the generators
Y = P1 × P1 and let F := π−1(l). Then F is a del Pezzo surface of degree d := K2X · F .
Let {F1, . . . , Fn} be the set of all such divisors (for various extremal contractions and
generator P1 × P1). For definiteness, we put F1 = F . Since any effective divisor is nef on
X , the cone of effective divisors Eff(X) ⊂ Pic(X)R = R
3 is polyhedral and generated by
the classes of divisors Fi. Moreover, the linear system |Fi| defines a del Pezzo fibration
hi : X → P
1. Each face of the cone Eff(X) is generated by two divisors Fi and Fi+1
(with appropriate numbering). If Fi ∩ Fj = ∅, then Fj is contained in the fibers of hi,
i.e. Fi = Fj . If Fi ∩ Fj 6= ∅, then Fi ∩ Fj is a conic on Fi (and Fj) and the linear system
|Fi + Fj | defines a contraction X → P
1 × P1 with fiber Fi ∩ Fj . Since the image of the
restriction map Pic(X) → Pic(Fi) is two-dimensional, up to linear equivalence there are
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exactly two conics on Fi of the form Fi ∩ Fj . Therefore, n = 3, i.e. the cone Eff(X) has
exactly three edges and they are generated by the divisors F1, F2, F3.
Since the group Pic(X) is generated by the classes of divisors H , F1, and F2, we can
write
F3 = a1H − b1F1 − c1F2, ai, bi, ci ∈ Z, ai > 0.
Similarly,
F1 = a2H − b2F2 − c2F3,
F2 = a3H − b3F3 − c3F1.
Then
F1 = (a2 − c2a1)H + c2b1F1 + (c2c1 − b2)F2,
F2 = (a3 − b3a1)H + (b3b1 − c3)F1 + b3c1F2,
a2 − c2a1 = 0, 1 = c2b1, c2c1 − b2 = 0, a3 − b3a1 = 0, b3b1 − c3 = 0, 1 = b3c1.
We obtain
c1 = c2 = c3 = b1 = b2 = b3 = 1, a1 = a2 = a3.
Thus,
aH = F1 + F2 + F3.
Then
K2F1 = H
2 · F1 =
1
a
H · (F1 + F2 + F3) · F1 =
4
a
= K2F2 = K
2
F3
.
In particular, K2Fi = 1, 2 or 4. If K
2
Fi
= 1, then the base locus of the linear system |−KX |
consists of three rational curves which are sections of the fibrations hi. This contradicts
Theorem 2.5.2. Similarly, if K2Fi = 2, then the anticanonical map is of degree 2 on each
surface of Fi and maps this surface to a plane. But then the anticanonical image of the
variety X contains three distinct families of planes. Clearly this is impossible. Therefore,
K2Fi = 4. Then the morphism h1 × h2 × h3 : X → P
1 × P1 × P1 is a double cover. We get
the case (6.1.g). This completes the proof of the classification part of Theorem 6.1.
The nonrationality of smooth three-dimensional cubic hypersurfaces (case (6.1.a)) is
well-known [9]. Any variety of type (6.1.c) is birationally equivalent to a cubic [19]. In
cases (6.1.a) nonrationality follows from the results of [53] and [14]. Varieties (6.1.b) are
not rational according to [18], [20], and [2].
Non-singular threefolds of types (6.1.d)-(6.1.g) have structures of standard conic bun-
dles with “large” discriminant curve. Then nonrationality follows from the results of [2],
[52], [50], see also [1]. 
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